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Abstract
An action for eleven-dimensional standard supergravity genuinely invariant under the D’Auria–Fré group is proposed. The construction of the
action is carried out through a generalization of the Stelle–West–Grignani–Nardelli formalism. The action is genuinely invariant under this group
without the need to impose auxiliary conditions such as a torsion-free condition.
© 2008 Published by Elsevier B.V.
1. Introduction
The problem of the underlying symmetry of eleven-dimensional supergravity was considered by Cremmer–Julia–Scherk (CJS)
in the original paper [1]. They considered its possible association with a gauge theory and suggested that the gauge group could
be related to OSp(32/1). This problem was addressed by D’Auria and Fré [2] where the search for the supergroup of D = 11
supergravity was formulated as a search for a composite structure of its three-form A3. D’Auria and Fré expressed this three form A3
in terms of the graviton ea(x), the gravitino ψα(x), two bosonic one-forms Bab1 (x) = dxμ Bab1μ(x), Babcde1 (x) = dxμ Babcde1μ (x) and
a fermionic one-form η1α(x) = dxμ η1μα(x).
This composite structure suggests [2] a possible underlying symmetry of the D = 11 supergravity. The new fields (Bab1 ,
Babcde1 , η1α) may be treated as gauge fields associated with new antisymmetric generators Zab = −Zba , Zabcde = Z[abcde] and
a new fermionic generator Q′α , which extends the Poincare superalgebra in which Qα , Pa and Mab correspond to the gravitino
field ψα(x), the graviton field ea(x) and the spin connection ωab(x).
Two possible superalgebras allowing a composite nature of A3 were found in Ref. [2]. In Refs. [3,4] these algebras were called
“D’Auria–Fré superalgebras”. These superalgebras are related to the orthosimplectic supergroup OSp(32/1). Indeed, both D’Auria–
Fré superalgebras and M-algebra can be obtained via an expansion procedure [5,6] from OSp(32/1) algebra which was considered
by Cremmer, Julia and Scherk as a possible gauge group for CJS supergravity.
It is the purpose of this Letter to show that the supersymmetric generalization of the Stelle–West–Grignani–Nardelli (SWGN)
formalism [7,8] permits constructing an eleven-dimensional standard supergravity, off-shell invariant under the D’Auria–Fré group.
This Letter is organized as follows: In Section 2 we shall review some aspects of CJS supergravity. In Section 3 we shall
review the principal features of the general non-linear realizations formalism which is used to obtain a non-linear realization of
the D’Auria–Fré superalgebra. An action for eleven-dimensional CJS supergravity genuinely invariant under the D’Auria–Fré
superalgebra is constructed in Section 4. Section 5 concludes the work with a look forward to find some relations between CJS
supergravity and Chern–Simons/transgression supergravity. We will follow the notation and conventions of Ref. [9].
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In this section we review some aspects of CJS supergravity.
2.1. CJS supergravity
The fields of the first order CJS supergravity are the 1-form vielbein ea , the so(10,1) 1-form spin-connection ωab , the
Rarita–Schwinger 1-form ψ and the three-form A = (1/3!)Aμνρ dxμ dxν dxρ and its associated field strength F = (1/4!)×
Fμνρσ dx
μ dxν dxρ dxσ . The supergravity action in first order form was originally obtained in Ref. [2]. It also is given by Eq. (78)
of Ref. [9], which is invariant under the supersymmetry transformations
(1)δψ¯ = Dˆε¯ := Dε¯ + 1
144
ε¯(Γabcde − 8Γbcdηea)eaF bcde,
(2)δea = iε¯Γ aψ,
(3)δA = i
2
ε¯Γ(2)ψ,
as long as we requires the vanishing of the supertorsion, Tˆ a := 0, and the fulfillment of the equation F := dA − i4 ψ¯Γabψeaeb .
The introduction of these conditions in Eq. (78) of Ref. [9] leads to the action found by Cremmer, Julia and Scherk, where the
spin connection ωab and the 4-form F coincide with the spin connection ωˆab and with the field Fˆ used in Ref. [1].
In the context of the 1.5 formalism, the action is on-shell invariant under the supersymmetry transformation given by (1), (2)
and (3). This means that the connection and the 4-form F are no longer independent variables. Rather, their variations are given in
terms of δea , δψ and δA and differ from those dictated by group theory.
2.2. CJS supergravity with a composite three-form gauge field
The general form of the D’Auria–Fré superalgebras is given by Eqs. (1.2), (1.3), (1.4) of Ref. [3]. The so-called minimal
D’Auria–Fré algebra is obtained when s = −6. In this case the (anti)commutation relations takes the form [3]
(4)[Jab, Jcd ] = −i(ηbcJad + ηadJbc − ηbdJac − ηacJbd),
(5)[Jab,Pc] = −i(ηbcPa − ηacPb),
(6)[Qα,Jab] = − i2 (Γab)
β
αQβ,
(7)[Q′α, Jab]= − i2 (Γab)βαQ′β,
(8)[Jab,Zcd ] = −i(ηbcZad + ηadZbc − ηbdZac − ηacZbd),
(9)[Jab,Za1...a5]= 2!5!iδ[a1[a Zb]a2...a5],
(10){Qα,Qβ} =
(
Γ a
)
αβ
Pa + i
(
Γ a1a2
)
αβ
Za1a2 +
(
Γ a1...a5
)
αβ
Za1...a5 ,
(11)[Pa,Qα] = −10γ1(Γa)βαQ′β,
(12)[Za1a2 ,Qα] = iγ1(Γa1a2)βαQ′β
where Za1a2 and Za1...a5 are the central generators of the M-algebra which transforms as a tensor under Lorentz rotations, and Q′ is
a new central generator which transforms as a spinor under Lorentz rotations. Q′ is not a new generator of supersymmetry because
of its central character. Using this algebra, the gauge connection
(13)h = ieaPa + i2ω
abJab + ψ¯Q + η¯Q′ + 12B
a1a2Za1a2 +
1
5!B
a1...a5Za1...a5 ,
the gauge parameter
(14)λ = −iρaPa − i2κ
abJab − ε¯Q − τ¯Q′ − 12ρ
abZab − 15!ρ
a1...a5Za1...a5 ,
and δh = −dλ − [h,λ], we obtain that ea , ωab , ψ , Bab and η transform under the D’Auria–Fré group as:
(15)δea = Dρa + iε¯Γ aψ,
(16)δωab = 0,
(17)δψ = Dε,
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a1a2Γa1a2ε − 10iγ1ρaΓaψ +
iγ1
2
ρabΓabψ,
(19)δBab = Dρab − 2iε¯Γ abψ,
(20)δBa1...a5 = Dρa1...a5 − 5!ε¯Γ a1...a5ψ.
In Ref. [2] it was shown that it is possible to find a Lie group that reproduces the Free Differential Algebra described by
Eqs. (3.15) of Ref. [2], provided that the three-form A3 has a composite nature given by [3]
(21)A = − 1
48
Babe
aeb − 1
120 · 24BabB
b
cB
ca + 1
12 · 8γ1 e
aη¯Γaψ − 1240 · 8γ1 B
abη¯Γabψ.
3. Non-linear realization formalism
A group G can be realized linearly or non-linearly. A linear realization is a rule which assigns to each element g ∈ G a linear
operator which acts on a vector space (representation space), such that the group product is preserved by the linear operator which
defines the representation.
It is also possible to define non-linear realizations of a group which correspond to maps of a Manifold M in itself characterized
by an element g0 of a Lie group G,
(22)x′ = f (g0;x)
which satisfy the following properties
(23)x = f (IG;x),
(24)f (g2; [f (g1, x)])= f (g2 · g1;x),
i.e., the identity and the group product are preserved.
In general the transformations x → x′ are not linear. However, in the case that the manifold M is a vector space and the function f
is linear, we obtain a linear realization of the Lie group. The problem of the characterization of all possible non-linear realizations
of a Lie group was solved in Refs. [10,11].
3.1. Non-linear realization of Lie groups
Following Refs. [10–12], we consider a Lie (super)group G with n parameters and a subgroup H with n− d parameters, which
is called stability group. Let us call {Vi}n−di=1 the generators of H and {Al}dl=1 the remaining generators. Thus the generators of G
are {Vi ,Al}. Since H is a subgroup of G we have that the generators Vi define a Lie subalgebra, i.e., [V,V ] ∼ V . We assume that
the remaining generators {Al}dl=1 can be chosen so that they form a representation of H . In other words, the commutator [Vi ,Al]
should be a linear combination of Al alone, i.e., [V,A] ∼ A. A group element g ∈ G can be represented (uniquely) in the form
(25)g = eξ lAl h
where h is an element of H . The ξ l parametrize the coset space G/H . We do not specify here the parametrization of h. One can
define the effect of a group element g0 on the coset space by
(26)g0g = g0
(
eξ
lAl h
)= eξ ′ lAl h′
or
(27)g0eξ lAl = eξ ′ lAl h1
where
(28)ξ ′ = ξ ′(g0, ξ),
(29)h1 = h′h−1,
(30)h1 = h1(g0, ξ).
If g0 − 1 is infinitesimal, (27) implies
(31)e−ξ lAl (g0 − 1)eξ lAl − e−ξ lAl δeξ lAl = h1 − 1.
The right-hand side of (31) is a generator of H .
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(32)eξ ′ lAl = h0eξ lAl h−10 .
Since the Al form a representation of H , this implies
(33)h1 = h0; h′ = h0h.
The transformation from ξ to ξ ′ given by (32) is linear. On the other hand, consider now
(34)g0 = eξ l0Al .
In this case (27) becomes
(35)eξ l0Al eξ lAl = eξ ′ lAl h.
This is a non-linear inhomogeneous transformation on ξ . The infinitesimal form (31) becomes
(36)e−ξ lAl ξ i0Aieξ
j Aj − e−ξ lAl δeξ iAi = h1 − 1.
The left-hand side of this equation can be evaluated, using the algebra of the group. Since the results must be a generator of H , one
must set equal to zero the coefficient of Al . In this way one finds an equation from which δξ i can be calculated.
3.2. Non-linear gauge fields
The construction of a Lagrangian invariant under coordinate-dependent group transformations requires the introduction of a
set of gauge fields a = aiμAi dxμ, ρ = ρiμVi dxμ, p = plμAl dxμ, v = viμVi dxμ, associated respectively with the generators Vi
and Al . Hence ρ + a is the usual linear connection for the gauge group G, and the corresponding covariant derivative is given by:
(37)D = d + f (ρ + a),
and its transformation law under g ∈ G is
(38)g : (ρ + a) → (ρ′ + a′) =
[
g(ρ + a)g−1 − 1
f
(dg)g−1
]
where f is a constant which, as it turns out, gives the strength of the universal coupling of the gauge fields to all other fields.
We now consider the Lie algebra valued differential form [10,11]:
(39)e−ξ lAl [d + f (ρ + a)]eξ lAl = p + v.
The transformation laws for the forms p(ξ, dξ) and v(ξ, dξ) are easily obtained. In fact, using (34), (35) one finds [13]
(40)p′ = h1p(h1)−1,
(41)v′ = h1v(h1)−1 + h1d(h1)−1.
Eq. (40) shows that the differential forms p(ξ, dξ) are transformed linearly by a group element of the form (34). The transforma-
tion law is the same as by an element of H , except that now this group element h1(ξ0, ξ) is a function of the variable ξ . Therefore
any expression constructed with p(ξ, dξ) which is invariant under the subgroup H will be automatically invariant under the entire
group G.
3.3. Non-linear realizations of the D’Auria–Fré algebras
Following Refs. [7,8,13–17] we consider as group G a group generated by the D’Auria–Fré algebra and as subgroup L to the
Lorentz group. If we denote as (s) the Lie algebra generated by the generators {Q′,Za1...a5,Za1a2 ,Q,Pa}, then the D’Auria–Fré
can be expressed as a semidirect addition of (s) and the Lorentz algebra so(1,10). Thus we have the necessary conditions to
non-linearly realize a non-compact group. Following the usual procedure we associate a parameter with each generator of the coset
space G/L:
(42)χα → Q; θα → Q′; ξa → Pa; λab → Zab; λa1...a5 → Za1...a5 .
It is interesting to note that the D’Auria–Fré algebras have the following set of subalgebras
L = {Jab},
H = {Pa,Jab},
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D = {Za1...a5,Za1a2,Pa, Jab},
C = {Q′,Za1...a5,Za1a2,Pa, Jab},
(43)G = {Q,Q′,Za1...a5 ,Za1a2 ,Pa, Jab}
which are contained one in another. This permits us to write Eq. (27) in the form
(44)g0e−χαQαe−θ¯
βQ′β e−
1
5!λ
a1 ...a5Za1 ...a5 e−
1
2 λ
abZabe−iξaPa = e−χ ′αQαe−θ¯ ′βQ′β e− 15!λ′a1 ...a5Za1 ...a5 e− 12 λ′abZabe−iξ ′aPa l′.
Multiplying (44) by eiξaPa we have
(45)g0e−χαQαe−θ¯
βQ′β e−
1
5!λ
a1 ...a5Za1 ...a5 e−
1
2 λ
abZab = e−χ ′αQαe−θ¯ ′βQβ e− 15!λ′a1...a5Za1...a5 e− 12 λ′abZabh1,
(46)h1e−iξaPa = e−iξ ′aPa l′,
(47)h1 = h′eiξaPa
with h′ = e−iξ ′aPa l′.
Multiplying (45) by e 12 λabZab we have
(48)g0e−χαQαe−θ¯
βQ′β e−
1
5!λ
a1 ...a5Za1 ...a5 = e−χ ′αQαe−θ¯ ′βQ′β e− 15!λ′a1 ...a5Za1 ...a5 b1,
(49)b1e−
1
2 λ
abZab = e− 12 λ′abZabh1,
(50)h1e−iξaPa = e−iξ ′aPa l′,
(51)b1 = b′e 12 λabZab ,
with b′ = e− 12 λ′abZabh1. Multiplying (48) by e 15!λa1 ...a5Za1 ...a5 we have
(52)g0e−χαQαe−θ¯
βQ′β = e−χ ′αQαe−θ¯ ′βQ′β d1,
(53)d1e−
1
5!λ
a1 ...a5Za1 ...a5 = e− 15!λ′a1 ...a5Za1 ...a5 b1,
(54)b1e−
1
2 λ
abZab = e− 12 λ′abZabh1,
(55)h1e−iξaPa = e−iξ ′aPa l′,
(56)d1 = d ′e 15!λa1 ...a5Za1 ...a5 ,
with d ′ = e− 15!λ′a1...a5Za1 ...a5 b1.
Multiplying (52) by eθ¯βQ′β we have
(57)g0e−χαQα = e−χ ′αQαc1,
(58)c1e−θ¯
βQ′β = e−θ¯ ′βQ′β d1,
(59)d1e−
1
5!λ
a1 ...a5Za1 ...a5 = e− 15!λ′a1 ...a5Za1 ...a5 b1,
(60)b1e−
1
2 λ
abZab = e− 12 λ′abZabh1,
(61)h1e−iξaPa = e−iξ ′aPa l′,
(62)c1 = c′eθ¯βQ′β ,
with c′ = e−θ¯ ′βQ′β d1, where the multiplication is done by the right side and where c1 ∈ C, b1 ∈ B , h1 ∈ H , l′ ∈ L.
In a word, we have
(63)g0e−χαQα = e−χ ′αQαc1,
(64)c1e−θ¯
βQ′β = e−θ¯ ′βQ′β d1,
(65)d1e−
1
5!λ
a1 ...a5Za1 ...a5 = e− 15!λ′a1 ...a5Za1 ...a5 b1,
(66)b1e−
1
2 λ
abZab = e− 12 λ′abZabh1,
(67)h1e−iξaPa = e−iξ ′aPa l1.
This decomposition is possible due to the fact that we obtain a succession of subalgebras L, H , B , D, C, G, in proportion
as we insert new generators. The order in which we make such decompositions is rigid because if, for example, we introduce Q
before another generator, then the sets L, H , B , D, C, G should lose their characteristic of subalgebras: it is the characteristic of
subalgebras which allows the mentioned decomposition.
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4.1. Transformation law of the three-form A
From (21) and (15)–(19) we find that the transformation law of the three-form A under supersymmetry (in its minimal form) is
given by
δsusyA = i4 ε¯Γabψe
aeb + d
[
1
12 · 8γ1 e
aη¯Γaε − 1240 · 8γ1 B
abη¯Γabε
]
− 1
12 · 8γ1 Tˆ
a(η¯Γaε)
(68)+ 1
240 · 8γ1R
ab(η¯Γabε) + 112 · 8γ1 e
aσ¯Γaε − 1240 · 8γ1 B
abσ¯Γabε
where
(69)Rab = DBab + iψ¯Γ abψ,
(70)σ = Dη + 10iγ1eaΓaψ − i2γ1B
abΓabψ.
From (68) and from δsusyea = iε¯Γ aψ , δsusyωab = 0, δsusyψ = Dε it is direct to see that the action for CJS supergravity is not
invariant under supersymmetry. Clearly this is due to the presence of curvature terms en δA and to the absence of the supercovariant
derivative in δψ . This result is valid in general for any element of the family of the D’Auria–Fré algebras.
4.2. Transformation law of the parameters
The infinitesimal form of Eqs. (63)–(67) is given by
(71)eχ¯Q(g0 − 1)e−χ¯Q − eχ¯Qδe−χ¯Q = c1 − 1,
(72)eθ¯Q′(c1 − 1)e−θ¯Q − eθ¯Q′δe−θ¯Q′ = d1 − 1,
(73)e 15!λa1 ...a5Za1 ...a5 (d1 − 1)e− 15!λa1 ...a5Za1 ...a5 − e 15!λa1 ...a5Za1 ...a5 δe− 15!λa1 ...a5Za1 ...a5 = b1 − 1,
(74)e 12 λabZab (b1 − 1)e− 12 λcdZcd − e 12 λabZabδe− 12 λcdZcd = h1 − 1,
(75)eiξaPa (h1 − 1)e−iξbPb − eiξaPa δe−iξbPb = l1 − 1,
where
c1 = c1
(
χ, ε, τ, ρab, ρa1...a5 , ρa, κab
)
,
d1 = d1
(
χ, θ, ε, τ, ρab, ρa1...a5 , ρa, κab
)
,
b1 = b1
(
χ, θ,λa1...a5, ε, τ, ρab, ρa1...a5, ρa, κab
)
,
h1 = h1
(
χ, θ,λa1...a5, λab, ε, τ, ρab, ρa1...a5 , ρa, κab
)
,
(76)l1 = l1
(
χ, θ,λa1...a5 , λab, ρa, ε, τ, ρab, ρa1...a5 , ρa, κab
)
.
From (71)–(75) it is possible to obtain the transformation law of the parameters under the action of an element g0 of the group. For
an element
(77)g0 = 1 − ε¯Q − τ¯Q′ − 15!ρ
a1...a5Za1...a5 −
1
2
ρabZab − iρaPa
such transformation laws are given by
(78)δχ = ε,
(79)δθ = τ + 10
3
γ1
(
ε¯Γ aχ
)
Γaχ + 13γ1
(
ε¯Γ abχ
)
Γabχ + i2γ1ρ
abΓabχ − 10iγ1ρaΓaχ,
(80)δλa1...a5 = ρa1...a5 − 5!
2
(
ε¯Γ a1...a5χ
)
,
(81)δλab = ρab − iε¯Γ abχ,
(82)δξa = ρa + i
2
ε¯Γ aχ.
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From (39) we can see that if
h = ieaPa + i2ω
abJab + ψ¯Q + η¯Q′ + 12B
abZab + 15!B
a1...a5Za1...a5
is the linear gauge connection, then the non-linear gauge connection is given by
iV aPa + i2W
abJab + Ψ¯Q + ¯ˆηQ′ + 12 Bˆ
abZab + 15! Bˆ
a1...a5Za1...a5
= eiξaPa e 12 λabZabe 15!λa1 ...a5Za1...a5 eθ¯Q′eχ¯Q
[
d + ieaPa + i2ω
abJab + ψ¯Q + η¯Q′
(83)+ 1
2
BabZab + 15!B
a1...a5Za1...a5
]
e−χ¯Qe−θ¯Q′e
1
5! −λa1 ...a5Za1 ...a5 e−
1
2 λ
abZabe−iξaPa .
Using (83) we find that the non-linear gauge fields are given by
(84)V a = ea − Dξa − i(χ¯Γ aψ)− i
2
(
Dχ¯Γ aχ
)
,
(85)Wab = ωab,
(86)Ψ = ψ − Dχ,
(87)Bˆab = Bab − Dλab + 2i(χ¯Γ abψ)+ i(Dχ¯Γ abχ),
(88)Bˆa1...a5 = Ba1...a5 − Dλa1...a5 + 5!(χΓ a1...a5ψ)+ 5!
2
(
Dχ¯Γ a1...a5χ
)
,
ηˆ = η − Dθ − 10iγ1ξaΓaDχ + iγ12 λ
abΓabDχ − 53γ1
(
Dχ¯Γ aχ
)
Γ aχ − γ1
6
(
Dχ¯Γ abχ
)
Γabχ − 10iγ1eaΓaχ
(89)+ 10iγ1ξaΓaψ − iγ12 λ
abΓabψ − 5γ1
(
χ¯Γ aψ
)
Γaχ − γ12
(
χ¯Γ abψ
)
Γabχ + iγ12 B
abΓabχ.
The non-linear three-form Aˆ is then given by
(90)Aˆ = − 1
48
BˆabV
aV b + 1
120 · 24 BˆabBˆ
b
c Bˆ
ca − 1
12 · 8γ1 V
aηˆΓaΨ + 1240 · 8γ1 Bˆ
abηˆΓabΨ.
Within the supersymmetric extension of the non-linear realization formalism, the action for CJS supergravity can be rewritten as
S =
∫
−1
4
RˆabΣˆab + i2 Ψ¯ Γˆ(8)DΨ +
i
8
(
T a − i
4
Ψ¯ Γ aΨ
)
VaΨ¯ Γˆ(6)Ψ
(91)− 1
2
Fˆ ∗ Fˆ + (∗Fˆ + bˆ)(dAˆ − aˆ) + 1
2
aˆbˆ − 1
3
Aˆ dAˆ dAˆ,
where
(92)Σˆa1...ar :=
1
(D − r)!a1...ar ar+1...aDV
ar+1 . . . V aD ,
(93)Γˆ(n) := 1
n!Γa1...anV
a1 . . . V an,
(94)aˆ := i
4
Ψ¯ Γˆ(2)Ψ,
(95)bˆ := i
4
Ψ¯ Γˆ(5)Ψ,
with
(96)Tˆ a = dV a + WabV b − i2 Ψ¯ Γ
aΨ,
(97)Rˆab = dWab + WacWcb,
(98)DΨ = dΨ + 1
4
WabΓabΨ,
(99)Fˆ = dAˆ − i
8
Ψ¯ ΓabΨV
aV b.
This action is off-shell gauge invariant under the D’Auria–Fré group.
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We have shown in this work that the successful formalism of Stelle–West [7] and Grignani-Nardelli [8] used to construct an action
for (3 + 1)-dimensional gravity genuinely invariant under the Poincaré group can be generalized to the case of eleven-dimensional
standard supergravity.
The main result of this Letter is that we have shown that, in order to construct an eleven-dimensional standard supergravity
invariant under the minimal D’Auria–Fré superalgebra, it is necessary to use the SWGN formalism. This means using the fields
vielbein V a , spin connection Wab , gravitino Ψ , Bˆab , Bˆabcde , which involve in their definitions the fields ξa , χ , θα , λab, λabcde .
This fields can be interpreted as some kind of auxiliary fields which permits the superalgebra to close off shell without the need to
impose conditions such as Tˆ a = 0.
From the action (91) and Eqs. (84)–(89) we can see that, once the gauge ξa = χ = θα = λab = λabcde = 0 is chosen, we obtain
that the Lagrangian of the action (91) takes the form of Eq. (78) of Ref. [9].
Several aspects deserve consideration and many possible developments can be worked out. A still unsolved problem is to find a
relation between Chern–Simons/transgression supergravity and eleven-dimensional CJS supergravity (work in progress).
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